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Abstract
In this work we obtain an optimal upper bound for exponential dichotomy roughness in infinite-dimensional Banach spaces. Un-
like some previous works, we do not assume bounded growth. We consider linear, non-autonomous ordinary differential equations
with bounded and unbounded coefficients.
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1. Introduction
Let E be a Banach space, I ⊆R, L(E) be the Banach space of bounded, linear operators on E furnished with the
usual norm and A : I → L(E) be a continuous function.
Consider the differential equation
dx
dt
= A(t)x (1.1)
and let U(t) stand for its Cauchy operator. Equation (1.1) is said to have exponential dichotomy if there exist two
bounded projections P and Q with P + Q = I and positive constants Ni , νi , i = 1,2, for which the following
estimates hold for any t, s ∈ I:
∥∥U(t)PU−1(s)∥∥N1e−ν1(t−s) if t  s, (1.2)∥∥U(t)QU−1(s)∥∥N2e−ν2(s−t) if s  t. (1.3)
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chotomy under perturbations of the operator A. For finite-dimensional X, this problem was solved in [4]. Specifically,
it was proved there that if B : I → L(E) is continuous and
δ = sup
I
∥∥B(t)w‖ < (N1
ν1
+ N2
ν2
)−1
, (1.4)
then the perturbed equation
dx
dt
= (A(t) + B(t))x (1.5)
still exhibits exponential dichotomy, i.e., there exist mutually complementary projections P˜ and Q˜ such that (1.2)
and (1.3) hold for the Cauchy operator V (t) of the perturbed equation, with suitable constants N˜i and ν˜i , i = 1,2,
depending on δ and the dichotomic constants of the original equation. The work [4] succeeded in significantly im-
proving similar results previously obtained in [7] and [2], but the technique used therein is inadequate to handle the
infinite-dimensional case, as discussed in [9].
In 2006, the problem of roughness of exponential dichotomy was studied in [9]. As it turns out (Theorem 4.1
in [9]), exponential dichotomy on I = [0,∞) or I = (−∞,0] in (1.1) is preserved under perturbation by a bounded,
linear operator B(t) that satisfies the estimate (1.4). However, if I = R, in order for exponential dichotomy to be
preserved, condition (1.4) must be replaced with
δ2N21 N
2
2
(ν˜ + ν1 − δN1)(ν˜ + ν2 − δN2) < 1, (1.6)
which is evidently, far more restrictive.
There exists a vast amount of scientific literature on exponential dichotomy of differential equations. Its study is
considerably facilitated by the use of functional-analytic methods such as the theory of semigroups, which has been
successfully employed to obtain illuminating equivalent characterizations of exponential dichotomy (see for example
[1,10,11] and [12]). However, the involvement of semigroup theory in this context requires the evolutionary family of
the underlying differential equation to satisfy an exponential growth condition, i.e., the existence of C  0 and α ∈R
must be assumed such that for all t  s one has∥∥U(t, s)∥∥ Ceα(t−s). (1.7)
This condition has also been used in [8] to classify ordinary differential equations via topological equivalence. The
exponential growth condition (1.7) is very strong and it is not hard to find elementary examples of very natural
differential equations that fail to satisfy it. One of the salient features of the present paper is that we do not need to
assume condition (1.7); in fact, as we show in the last paragraph of the present work, the question of roughness of
exponential dichotomy is non-trivial only in the absence of the exponential growth condition (1.7).
Our main result for bounded A(t) (see Section 3, Theorem 3.1) establishes that estimate (1.4) is optimal even when
E is an arbitrary Banach space. A suitable version for unbounded A(t) is also presented in Section 4 (Theorem 4.2).
We refer the reader to the body of the paper for the specific details.
2. Preliminaries
In this section we briefly introduce the main ingredients in the proof of our main result (Theorem 3.1). We refer
the reader to [9] for the details and the proofs of the claims in this section.
For any interval I ⊆R, we write I+ = {(t, s) ∈ I × I: t  s} and I− = {(t, s) ∈ I × I: t  s}. We define
B+(I) =
{
T : I+ → L(E)
} (2.1)
and
B−(I) =
{
T : I− → L(E)
}
. (2.2)
It is clear that the subspaces defined above are Banach spaces when endowed with the usual sup norm.
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(t, s) =
{
U(t)PU−1(s) if t  s,
−U(t)QU−1(s) if t  s. (2.3)
Following [9], we introduce the operators K ∈ L(B+) and L ∈ L(B−) defined by
KT (t, s) = U(t)PU−1(s) +
∞∫
s
(t, u)B(u)T (u, s) du (2.4)
and
LY(t, s) = U(t)QU−1(s) +
s∫
−∞
(t, u)B(u)Y (u, s) du. (2.5)
It follows that if the estimate (1.4) holds, both K and L are contractions. For the sake of completeness, we state the
following lemma from [9].
Lemma 2.1. The fixed points of K and L, T˜ and Y˜ , respectively, are solutions of the perturbed equation (1.5).
Furthermore, for
ν˜ = 1
2
(
δ(N2 − N1) + ν1 − ν2 +
√[
δ(N2 − N1) + ν1 − ν2
]2 + 4ν1ν2
[
1 − δ
(
N1
ν1
+ N2
ν2
)])
, (2.6)
one has the estimates∥∥T˜ (t, s)∥∥K1e−ν˜(t−s), ∥∥Y˜ (t, s)∥∥K2e−ν˜(s−t), (2.7)
where
K1 = N1(ν˜ + ν2)
ν˜ + ν2 − δN2 (2.8)
and
K2 = N2(ν˜ + ν1)
ν˜ + ν1 − δN1 . (2.9)
Moreover, T˜ (t, t) and Y˜ (t, t) are projections and, for P(t) = U(t)PU−1(t) and Q(t) = U(t)QU−1(t), the following
identities hold:
T˜ (t, t)P (t) = T˜ (t, t), P (t)T˜ (t, t) = P(t)
and
Y˜ (t, t)Q(t) = Y˜ (t, t), Q(t)Y˜ (t, t) = Q(t).
Writing P+ = T˜ (0,0), Q− = Y˜ (0,0) and
S = P+ + Q−, (2.10)
we have (see [9, Theorem 5.3]):
Theorem 2.2. The perturbed equation (1.5), for sup‖B(t)‖ satisfying (1.6) is exponentially dichotomic on the real
line if and only if the operator S is invertible on E. In this case, the structural projection for the perturbed equation
is given by P˜ = SPS−1.
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In this section we consider Eq. (1.1) with A(t) bounded for each t . We stress the fact that throughout this paper,
as it was the case in [9], we do not assume any bounded growth condition of the evolutionary family associated to
(1.1) (see for example [3, Theorem 3.3, p. 171 and Theorem 3.3′, p. 174]). Our main result shows that when I = R,
condition (1.6) in Theorem 2.2 can be replaced by the weaker estimate (1.4).
Theorem 3.1. Assume that the differential equation (1.1) has exponential dichotomy on I (where I is either R+, R−
or R), with projection P and estimates (1.2) and (1.3). Then, if condition (1.4) holds, the perturbed equation (1.5)
has exponential dichotomy with projection P˜ and dichotomic constants given by (2.6), (2.8) and (2.9). Moreover, the
estimate (1.4) is sharp in the sense that exponential dichotomy is in general not preserved if it does not hold.
Proof. For the proof of the roughness results on R+ and R−, we refer the reader to [9]. For the roughness on the real
line, we invoke Theorem 2.2 and show that S is surjective. Injectivity follows from [9, Remark 3.4]. Let α ∈ C∞(R)
with α ≡ 0 on (−∞,0], α ≡ 1 on [1,∞) and ‖α′‖L∞(R) < ∞.
Let Cb(R,E)(L(R,E)) stand for the Banach space of E-valued, bounded, continuous (Bochner integrable) func-
tions of a real variable. Let x0 ∈ E. Consider the operator T : Cb(R,E) → Cb(R,E) defined by
T (x)(t) =
∫
R
(t, u)B(u)x(u)du +
∫
R
(t, u)α′(u)V (u)x0 du, (3.1)
where V is the Cauchy operator of the perturbed equation (1.5). It is not hard to see that
∥∥T (x1) − T (x2)∥∥Cb(R,E)  δ
(
N1
ν1
+ N2
ν2
)
‖x1 − x2‖Cb(R,E), (3.2)
which implies that under condition (1.4), T is a contraction whose unique fixed point x0(t) is bounded on the real line
and satisfies the differential equation
dz
dt
= (A(t) + B(t))z + α′(t)V (t)x0. (3.3)
Notice that x1(t) = α(t)V (t)x0 is also a solution of (3.3). It follows that the function
x˜(t) = x0(t) − x1(t) (3.4)
satisfies Eq. (1.5) and is bounded on R−, and therefore
x˜(0) = x0(0) − x1(0) = x0(0) ∈ Q−(E). (3.5)
Similarly,
xˆ(t) = V (t)x0 − x1(t) + x0(t) (3.6)
is a solution of the perturbed equation (1.5) bounded on R+, from which it readily follows that
xˆ(0) = x0 + x˜0(0) ∈ P+(E), (3.7)
which together with (3.5) yields the surjectivity (and hence invertibility) of S, as claimed. The non-improvability of
estimate (1.4) follows easily by considering dx
dt
= x, which is exponentially dichotomic with P = 0. It is easy to
verify that in this case the right hand side of (1.4) is 1. However, the perturbed equation dx
dt
= 0 is not exponentially
dichotomic. 
We finish this section with an observation regarding the case I = (a, b). It is well known that even if Eq. (1.1)
is exponentially dichotomic on (a, b), it might admit non-trivial bounded solutions. However, in the absence of such
solutions, the arguments in [7, Lemma 7], still apply (even for an infinite-dimensional Banach space E) and from
them it is easy to conclude that condition (1.4) guarantees that the perturbed equation (1.5) does not have non-trivial
solutions bounded on (a, b) and it follows that the operator S is also injective in this case. The latter observation allow
us to use similar arguments to those in the proof of Theorem 3.1 to prove the invertibility of S. Thus, one has
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has no non-trivial bounded solutions. Then, assuming condition (1.4), the perturbed equation (1.5) has exponential
dichotomy with a projection P˜ , similar to P . Moreover, (1.5) does not have any non-trivial bounded solutions.
4. Roughness for unbounded A(t)
We now consider Eq. (1.1) under the assumption that for each t ∈ I the operator A(t) :D ⊆ E → E is unbounded.
Definition 4.1. Equation (1.1) is said to be well posed if and only if the following conditions hold (see [5, p. 193]):
(i) For each t ∈ I , A(t) is closed and its domain, D(A(t)) =D is independent of t and dense in E.
(ii) For each (t, s) ∈ I × I , and each x0 ∈D, there exists a unique solution x(t) = x(t, s, x0) of (1.1) satisfying the
initial condition x(s) = x0.
(iii) For each solution x(t) of (1.1), the map t → x(t) is continuously differentiable on I .
(iv) If (xn)n ⊆D converges to 0 in E, then, for each fixed t and s in I , x(t, s, xn) converges to zero in E.
Assuming that Eq. (1.1) is well posed, one has an evolutionary family of bounded operators U(t, s) defined by the
equality
x(t, s, x0) = U(t, s)x0 (4.1)
for each x0 ∈D (notice that U(t, s) can be extended to E by density). We point out that under the above conditions
the evolutionary operator U(s, t) is reversible, i.e., it is defined for all t, s ∈ I . We write
U(t) = U(t,0). (4.2)
Thus, U−1(t) = U(0, t) and U(t, s) = U(t)U−1(s).
In analogy with the preceding section we say that Eq. (1.1) is exponentially dichotomic if there exist mutually
complementary bounded projections P and Q satisfying
D = PD⊕ QD (4.3)
and such that the inequalities (1.2) and (1.3) hold.
At this point we notice that if Eq. (1.1) is well posed, then (1.5) might not be well posed even for bounded B(t).
To the effect of circumventing this difficulty, throughout this section we assume that the following compatibility
condition is fulfilled: for each t , D is invariant under B(t), that A(t) has an inverse and that B(t) and A(t)B(t)A−1(t)
are bounded and continuous (with respect to t). It is shown in [5, Theorem 3.4, p. 198] that under the above hypothesis
(1.5) is well posed.
Assuming that Eq. (1.1) is exponentially dichotomic with projections P and Q, then in analogy with the preceding
section we define
P(t) = U(t)PU−1(t), (4.4)
where U(t) = U(t,0) and U−1(t) = U(0, t). The next theorem is the main result in this section.
Theorem 4.2. Let E be an arbitrary Banach space. Assume that Eq. (1.1) is well posed and exponentially dichotomic
with projections P and Q. Let B(t) satisfy the above mentioned compatibility conditions and inequality (1.4). Then the
perturbed equation (1.5) is also well posed and exponentially dichotomic with projection P˜ and dichotomic constants
as in Theorem 3.1.
Proof. The proof follows along the same lines of the proof of Theorem 3.1. The details are omitted. 
5. Closing remarks
As anticipated in the introduction, we notice that under the additional hypothesis of exponential growth, the rough-
ness property of exponential dichotomy follows easily from functional-analytic considerations. In fact, it is shown
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proved in [6, Theorem 1, p. 170] that under the exponential growth condition, (1.1) is exponentially dichotomic on
the real line if and only if the operator
L =: d
dt
− A(t) : E = {φ ∈ Cb(R,E): φ′ ∈ Cb(R,E)}⊆ Cb(R,E) → Cb(R,E) (5.1)
is invertible. Straightforward calculations show that if (1.1) is exponentially dichotomic, then the operator L = d
dt
−
A(t) is invertible on Cb(R,E) and that the estimate∥∥L−1∥∥ (N1
α1
+ N2
α2
)
holds (the latter observation is in fact independent of condition (1.7), see [6, Chapter 10]). Since L is closed, it is well
known that the real valued function η defined by
η(x) = ‖x‖ + ‖Lx‖ (5.2)
defines a norm on E that turns it into a Banach space. Henceforth, any bounded operator L′ ∈ L(E,E) is invertible as
long as it fulfills the condition
‖L − L′‖ < ∥∥L−1∥∥−1 (5.3)
(here, abusing notation we denoted by ‖ · ‖ the operator norm in L(E,Cb(R,E)) taken with respect to the norm
defined by (5.2)). It is clear now that by taking B(t) as in Theorem 3.1, L′ = d
dt
− (A(t)+B(t)) is still invertible and,
according to the aforementioned equivalency, that the perturbed equation (1.5) is exponentially dichotomic.
We highlight the fact that the infinite-dimensional case is studied in the monograph [1] via the theory of linear
semigroups of operators. Specifically, the authors consider Eq. (1.1) on a Banach space E and under an exponential
growth condition, show that for small perturbations of A(t) the perturbed system remains exponentially dichotomic
(see [1, Section 5.2]).
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